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Abstract 

A restriction category is an abstract formulation for a category of partial maps, denned 
in terms of certain specified idempotents called the restriction idempotents. All categories of 
partial maps are restriction categories; conversely, a restriction category is a category of partial 
maps if and only if the restriction idempotents split. Restriction categories facilitate reasoning 
about partial maps as they have a purely algebraic formulation. 

In this paper we consider colimits and limits in restriction categories. As the notion of 
restriction category is not self-dual, we should not expect colimits and limits in restriction 
categories to behave in the same manner. The notion of colimit in the restriction context is 
quite straightforward, but limits are more delicate. The suitable notion of limit turns out to be 
a kind of lax limit, satisfying certain extra properties. 

Of particular interest is the behaviour of the coproduct both by itself and with respect to 
partial products. We explore various conditions under which the coproducts are "extensive" in 
the sense that the total category (of the related partial map category) becomes an extensive 
category. When partial limits are present, they become ordinary limits in the total category. 
Thus, when the coproducts are extensive we obtain as the total category a lextensive category. 
This provides, in particular, a description of the extensive completion of a distributive category. 

1 Introduction 

In a category with a suitable class of monomorphisms, one can define a category Par^(^), 
of partial maps in "jf whose domain of definition lies in The resulting category has further 
structure which determines, among other things, the extent of the partiality involved. This is 
necessary as an abstract category can arise as a category of partial maps in more than one way. 
For example, any category X can be regarded as the category of partial maps in X where the 
class ^# consists only of the isomorphisms (the "total subobjects"); thus if X = Par jg(^> \ we have 
Par^(ff) = Par| go (X). 

'Partially supported by NSERC, Canada. 

^ Supported by the Australian Research Council. 
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To describe this extra structure a variety of techniques have been employed. We recall below 
four possible approaches to capturing this further structure, indicating how the "trivial case" where 
^# is just the isomorphisms can be identified. 

A. Given partial maps f,g:A^>B,we define f < g if g is defined whenever / is, and they then 
agree. This makes Par^'jf) into a bicategory, and is the approach taken by Carboni in j2j; it 
is also closely related to Freyd's notion of allegory |12j . The trivial case is characterized by the 
fact that the partial order is discrete, in the sense that f < g only if / = g. 

B. If the category ^ of total maps has finite products, then this induces a symmetric monoidal 
structure on Par^(^), given on objects by the product in . The trivial case can be charac- 
terized by the fact that this symmetric monoidal structure on the category of partial maps is in 
fact cartesian (that is, given by the categorical product). This approach was taken by Robinson 
and Rosolini ^H] and by Curien and Obtulowicz |1U| . 

C. If ^€ has a strict initial object, and the unique map out of the initial object is in then 
Par j((^>} has zero maps, given by the "nowhere defined" partial maps. These were fundamental 
in the approach of di Paola and Heller . The presence of these zero maps means that only 
when the category itself is trivial can the partiality be trivial. 

D. To every partial map / : A — > B we can associate the partial map / : A — > A which is 
defined whenever / is, in which it acts as the identity. This operation is taken as fundamental 
in the notion of restriction category studied in the earlier instalments O E] of this sequence 
of papers and again here. The maps of the form / are always idempotents, and are called 
restriction idempotents. This time the trivial case is characterized by the fact that the restriction 
idempotents are just the identity maps. 

The assignment oi f : A ^ A to f : A ^ B mentioned above satisfies four axioms: 
[R.l] // = /for all/iA-B; 
[R.2] Jg = gj for all / : A -> B and g : A -> C; 

[R.3] gj = gj for all / : A -> B and g : A -» C; 
[R.4] gf = fgj for all / : A -> B and g : B -> C. 

A key property of restriction categories, not shared by the axiomatics of |lllll6llTUl l2*]. is that any 
full subcategory of a restriction category has an induced restriction structure; in fact the restriction 
categories are precisely the full subcategories of categories of partial maps. Conversely, a restriction 
category is a category of partial maps if and only if the restriction idempotents split. Restriction 
categories facilitate reasoning about partial maps as they have a purely algebraic formulation, which 
does not involve having any structure on the types. 

In this paper we consider the structure on a restriction category arising from limits and colimits 
on the category of total maps. As the notion of restriction category is not self-dual, we should not 
expect colimits and limits in restriction categories to behave in the same manner. The notion of 
coproduct in the restriction context is quite straightforward: a restriction category with restriction 
co-products is just a cocartesian object in the 2-category rCat of restriction categories. This means 
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that the diagonal X — ► X x X and the unique map X — > 1 to the terminal restriction category both 
have left adjoints in the 2-category rCat. This is described in more concrete terms in Sectional it 
means that the category X has coproducts which satisfy certain conditions involving the restriction 
structure. 

On the other hand a cartesian object in rCat necessarily has a trivial restriction structure. The 
suitable notion of a restriction category with restriction products turns out to be a cartesian object 
in a 2-category rCatl with the same objects and 1-cells as rCat, but with a certain type of "lax 
natural transformation" as 2-cells. This time the underlying category of a restriction category with 
restriction products does not in general have products, although the category of total maps does 
so; a concrete description is given in Section |IJ The resulting structure turns out to be equivalent 
to the p-categories of Robinson and Rosolini 16 , and indeed to other different formulations by a 
variety of authors. A restriction category can also have products which are entirely independent of 
the restriction structure. The presence of such products does have the slightly surprising effect of 
ensuring that the lattices of restriction idempotents have finite joins over which the meets distribute. 

More generally, the suitable notion of limit turns out to be a certain type of lax limit, and we 
briefly explore these in Section f4. 41 Once again, restriction limits in a restriction category become 
ordinary limits in the category of total maps. 

Of particular interest is the behaviour of the coproduct both by itself and with respect to partial 
products. We explore in Section |3] various conditions under which the coproducts are "extensive" 
in the sense that the total category (of the related partial map category) becomes an extensive 
category. When partial limits are present, they become ordinary limits in the total category. Thus, 
when the coproducts are extensive we obtain as the total category a lextensive category. This 
provides, in particular, an alternative description of the extensive completion of a distributive 
category to that given in [S]. This is described in Section T5.4I But what is the importance of being 
extensive? Section |21 answers this question for partial map categories very concretely: extensivity 
means that there is a "calculus of matrices." This is critical to understanding and manipulating 
the maps in these settings. 

Notation 

The identity morphism on an object A is denoted by A or 1a- We write {f\g) ■ A-\- B — > C for the 
morphism induced by / : A — > C and g : B — > C and (/,<?) : A — > B x C for the morphism induced 
by / : A — > B and g : A — > C. We also write (fx) : X^AeA - > B for the morphism induced 
by a A-indexed family of morphisms f\ : A\ — > B. Our notation for coproduct injections is more 
flexible: sometimes we write i and j for the two injections of a binary coproduct, and sometimes 
we use i with a suitable subscript. We write t : A + B — > B + A for the canonical isomorphism. 
The projections of a product are usually denoted by tt with a suitable subscript. 

2 Coproducts and matrices 

It is well known that in the category of sets and binary relations the disjoint union (of a finite 
family of sets) serves both as coproduct and product, so that there is a "calculus of matrices": see 
[3], for example. In this section we consider the extent to which this can be adapted to deal not 
with relations but with partial functions. We then consider when such a calculus is available in an 
abstract category of partial maps, or restriction category. 
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Given finite families (Ax)xeA and (B k ) k€ k of sets, and a partial function / : A\ — > ^ K 5 K , 
we may define a partial function f\ K : A\ — > B K for each A € A and k G if, by declaring f\ K (x) to 
be denned if and only if /(x) is denned and lies in B K , in which case f\ K {x) = /(x). Conversely, 
a matrix (f\ K )\<=A,KeK, with /ak a partial function from A\ to U K for each A and k, determines a 
relation / from Ex Ax to Ek^k, where if x € ^4a and y € B K we have /(x) = y if and only if 
f\n{ x ) = The relation / is in fact a partial function precisely when, for each A G A, if f\ K {x) 
and f\ K '(x) are both defined then k = k': in other words, if for each x and A, there is at most one 
k for which f\ K (x) is defined. 

Not only can we represent partial functions by matrices, we can represent composition of partial 
functions by matrix multiplication, in the following sense. If / : A\ — > ^ i? K and g : ^ K i? K — > 
Ek^k are partial functions with matrices (fx K )\eA,KeK and {g K p)neK,^eM-, then the matrix of 5/ 
is (y^Ktifx^xeA^eM, where V K g Kft fx K is the partial function /i : A x -> C fc with /i(x) = g^fx^x) 
if the right hand side is defined for some (necessarily unique) k, and undefined otherwise. 

If / is defined by t : E — > £? K with domain m : £ — > ^ A j4a, then /a« can be computed as 
a pullback, as in 

Exk 

E\- E_ K . 



Ax E B K 

«A m / \. t i re / \ 1 



^ Ea^a 

In effect we are composing / with the injection i\ : Ax — > Ex Ax, seen as a total partial map, and 
the partial map i* : ^ K B K — > which is defined as the identity on i? K and is undefined elsewhere. 
More abstractly, i* is the (unique) map satisfying i* K i K = 1 and i K i* K = i*. (We shall say that i* is 
the restriction retraction of i K .) 

We can recover / from the f\ K as the composite 

Ex Ax ^ Ex. Ax^Tx, B K ^1 E K B k 

where hx ■ Ax — > is defined by /ia(^) = (^> K ) if fx^ix) is defined for some (necessarily 

unique) k, and undefined otherwise. Once again, there is also a more abstract characterization of 
h\: it is the unique map satisfying h' x h\ = hx and h\h' x = h' x , where h' x : E K Ax - > Ax is {fx^neK- 
(We shall say that hx is the restriction inverse of h\.) 

What structure does a restriction category X need in order to support such a calculus of matri- 
ces? Obviously X must have finite coproducts, and the coproduct injections must have restriction 
retractions. Also, given a morphism / : A — » Y1 K the map (i%f) K eK '■ E K A —>■ A must have a 
restriction inverse. This sets up a pair of functions between 

• the set of morphisms from Ax to E K ^k, and 

• the set of matrices (fx K ■ Ax — » B k )x£A,kgk with the property that for each A, the map 
(i* K fix) K &K ■ Ek-^x — ¥ Ax has a restriction inverse. 

Finally we need these functions to be mutually inverse and to respect composition. We shall 
investigate when this occurs in the remainder of Section |2J 
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2.1 Restriction coproducts 



In the previous section we saw that for a restriction category X with coproducts to admit a calculus 
of matrices, it is necessary that the coproduct injections be restriction monies, and so in particular 
be total. In this section we examine the situation in which the coproduct injections are total. 

Lemma 2.1 Let X be a restriction category with coproducts, and suppose that the injections of 
every binary coproduct A + B are total. Then 

(i) the unique arrow za '■ — > A is total for every object A; 

(ii) the codiagonal V : A + A — > A is total for every object A; 
(Hi) f + g = f + ~g for all arrows f and g. 

Proof: To prove (Hi), let / : A — > A' and g : B — > B' and write i : A — ► A + B, j : B — > A + B, 
i' : A' + B', and j' : B' — > A' + i?' for the injections. Then (/ + g)i = i(f + = ii' f = if since 
i! is total, and similarly (/ + g)j = jg; thus / + g = f + g. The proof of (ii) is similar, while (i) 
follows immediately from the fact that za is an injection of the coproduct A + 0. □ 

We say that such a restriction category has restriction coproducts. A more abstract point of view 
is that such a restriction category is just a cocartesian object in the 2-category rCat. Recall that an 
ordinary category ^ has binary coproducts if and only if the diagonal functor ^ — > ^€ x ^ has a left 
adjoint. More generally an object ^ of a 2-category with finite products is said to be cocartesian 
if the diagonal ^ — > ^ x ^ has a left adjoint in the 2-category. Thus a cocartesian restriction 
category is a restriction category X for which the diagonal restriction functor X — > X x X and 
the unique restriction functor X — > 1 to the terminal restriction category both have left adjoints 
in the 2-category rCat. Any 2-functor takes adjunctions to adjunctions, and a finite-product- 
preserving 2-functor takes cocartesian objects to cocartesian objects. For instance, there is a 
2-functor Total : rCat — > Cat which sends a restriction category X to its category of total maps, 
and clearly Total preserves finite products. Then again, there is a 2-functor K r : rCat — > rCat 
which sends a restriction category X to the restriction category K r {%) obtained by splitting the 
restriction idempotents of X. 

Proposition 2.2 If X is a restriction category with restriction coproducts then Total(X) and 
Total(i^ r (X)) have coproducts. If F : X — > Y is a coproduct-preserving restriction functor be- 
tween restriction categories with restriction coproducts, then Total(F) : X — > Y and Tota^i^F)) : 
Tota^i^X)) — > Tota\(K r (Y)) preserve coproducts. 

Proof: The 2-functors Total and Total(-KT r ) send cocartesian objects to cocartesian objects, and 
so send restriction categories with restriction coproducts to categories with coproducts. 

Similarly, if F preserves coproducts then it commutes with the left adjoints 1 — > X and X x 
X — > X, and so Tota^F) commutes with the induced left adjoints 1 — > Total(X) and Total(X) x 
Total(X) — > Total(X); that is, Total(-F) preserves coproducts. The case of Tota\(K r (F)) is entirely 
analogous. □ 

This proposition has a converse when the restriction category is classified. Recall jH] that an 
arrow r : A — > B in a restriction category is said to be a restriction retraction if there is an arrow 
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i : B — > A with ri = 1 and r = ir; such an i is unique. Recall further [7j that a restriction category 
X is classified if the inclusion Total(X) — > X has a right adjoint -R, and for each object A the counit 
€a ■ RA —s- ^4 is a restriction retraction. The promised converse is now: 

Proposition 2.3 If X is a classified restriction category and Total(X) has coproducts, then X has 
restriction coproducts. An arbitrary functor F : X — > ^ preserves coproducts if and only if its 
restriction Total(X) — > to the total maps preserves coproducts. In particular, for a restriction 
category Y with restriction coproducts, a restriction functor F : X — > Y preserves coproducts if 
and only j/Total(F) : Total(X) — > Total(Y) does so. 

Proof: Since X is classified, the inclusion Total(X) —* X is a left adjoint, and so preserves all 
existing colimits. Since it is also bijective on objects, X has coproducts if Total(X) does so; and 
the injections are clearly total. 

Since the inclusion / : Total(X) — > X is bijective on objects, a functor G : Total(X) — > 'rf 
preserves coproducts if and only if GI does so. Since FI is just the composite of Total (.F) and the 
inclusion Total(Y) — > Y, it follows that F preserves coproducts. □ 

We also have: 

Proposition 2.4 // X is a restriction category with coproducts and a zero object, then X has 
restriction coproducts. 

Proof: If X has a zero object then the injection i : A — > A + B has a retraction (1|0) : A + B — > A, 
and so is monic; but monomorphisms are always total. □ 

Example 2.5 If & is a distributive category, then the endofunctor +1 of @ has a well-known 
monad structure, and the Kleisli category Q+x of this monad has a restriction structure described 
in Example 7 of Section 2.1.3 of [SJ. Since 3> has coproducts and the left adjoint I : 3> — > is 
bijective on objects, f^+i has coproducts; the injections are in the image of I and so total. Thus 
has restriction coproducts. 

It is well known (see jlj [3] for example) that the free completion under (finite) coproducts of 
a category can be formed as the category Fam^) of finite families of objects of . Explicitly, 
an object of Fam^) is a finite family (A\)\eA of objects of and a morphism from (A\)\eA to 
(B k ) k< zk consists of a function : A — » K and a family (/a : -^A —* Btp\)\£l of morphisms in ^ . The 
universal property of Fam(^) is expressed in terms of the fully faithful functor J : c € — > Fam('^ 7 ) 
sending an object of ^ to the corresponding singleton family. 

The observation we wish to make here is: 

Remark 2.6 If X is a restriction category then Fam(X) has a canonical restriction structure, with 
(ip, f) = (1a, (/a)aga) • Then J : X — ► Fam(X) is clearly a restriction functor. Furthermore, X has 
restriction coproducts if and only if J : X — > Fam(X) has a left adjoint in rCat. A purely formal 
consequence is that Fam(X) is the free restriction category with restriction coproducts on X; we 
leave the precise formulation of the universal property to the reader. Another straightforward 
observation is that the restriction category Fam(X) is classified whenever X is so. 
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2.2 Restriction zero objects 

To begin with, we allow X to be an arbitrary restriction category. Given arrows / : A —* B and 
g : B — » A in X, recall [5] that 5 is restriction inverse to / (and / to g) if gf = f and fg = g~- A 
restriction inverse is unique if it exists. In the special case where / is total, we have gf = f = 1; 
then / is said to be a restriction monic and 5 its restriction retraction, and we often write /* for /. 

We say that a zero object in a restriction category is a restriction zero if for every object A 
the zero map Oaa : A — ► A is a restriction idempotent; that is, O^A = Oaa- 

Lemma 2.7 For a restriction category X, i/ie following are equivalent: 
(i) X /ias a restriction zero; 

(ii) X aas an initial object and a terminal object 1, and eac/i 2A : — > ^4 is a restriction monic; 
(iii) X /ias a terminal object 1 and eac/i : A — > 1 is a restriction retraction. 

PROOF: (i) (ii). If is a restriction zero then it is both initial and terminal, and for any object 
A there is a unique za '■ — > A and a unique t& : A — > 0. Clearly iA-ZA = 1, since is initial, while 
2A*A = OaA = OAA = ZAtA- 

(ii) (iii). Let z\ : 1 — » be the restriction retraction of : — ► 1, and : A — > 1 be the 
unique map. Then tAZAz\ = 1, since 1 is terminal; and we must show that ZAZ*tA is a restriction 
idempotent. Now tA = Z\Z* A , since 1 is terminal, and so ZAz\tA = zaz\z\z* a = zaz a , which is 
indeed a restriction idempotent. 

(iii) => (i). For each object ^4, choose sa '■ ^ ^ A satisfying (tASA = 1 and) s^A = sa^a- Then 
so : 1 — > is inverse to z\ : — > 1, and so is a zero object. Finally OyiA = s^a = sa^a = O^a- D 

We now suppose once again that X has coproducts. 

Proposition 2.8 Let X be a restriction category with coproducts, in which the coproduct injections 
are restriction monies. Then the initial object is a restriction zero if and only if the maps 
i* : A + B — > A are natural in B; they are always natural in A. 

Proof: The i* can be seen as 1a + z* B : A + B — > A + 0, which are clearly natural in A, and will 
be natural in B if and only if the z* B : B — > are so. But this will be the case if and only if is 
not just initial but also terminal, and now the result follows by Lemma 12.71 □ 

We now observe that in order to have a calculus of matrices, the category X must have a 
restriction zero object. We have already seen that the coproduct injections must be restriction 
monies, and so in particular that za '■ — > A must be one. To deal with empty coproducts, every 
map / : A — > should be representable as an "empty matrix" , which clearly means that there can 
be at most one such map. Thus in this case is not just an initial object but a zero object (that 
is, an initial and a terminal object.) By Lemma 12.71 it follows that the initial object is a restriction 
zero. 

Example 2.9 If Si is a distributive category, then the initial object of & is a restriction zero in 
To see this, observe that the left adjoint / : 3> — > preserves colimits, so is initial in 
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9+1. For every object A, there is a unique arrow A—>0+l = l'mS), and so is also terminal in 
The zero map Oaa '■ A — > A in is 



A- 



and its restriction is 



iH4x(4 + l)^ixA + i^ + l. 



The fact that these two maps agree is an easy exercise in distributive categories. 

Lemma 2.10 If X. is a restriction category with restriction coproducts and a restriction zero, then: 

(i) each coproduct injection i : A — > A + B is a restriction monic, with restriction retraction 
i* : A + B — > A equal to (ljO) : A + B — > A, so that the restriction idempotent ii* is 
1 + 0: A + B ^ A + B; 

(ii) if f : C — > A+B is total, and the restriction idempotent i* f splits, then the section k : Ca — ► C 
of the splitting is the pullback in Total(X) of the injection i : A — > A + B along f ; 

(in) the natural transformations in Total(X) whose components are the coproduct injections are 
cartesian. 

Proof: (i) We can regard i as Ia + zb- Then (Ia + z* b )(\a + zb) = 1, while (Ia + z b )(Ia + z* B ) = 
1a + Orb = 1a + Obb = 1a + Orb. 

(ii) Suppose that k : Ca — > C and fc* : C — > Ca provide the splitting, so that k*k = 1 and 
kk* = JFJ. Then = (1 + 0)/(l + 0)/ = (1 + 0)/ = TTO/ = f(l + 0)/ = /fcfc*, and so 

= /fc. We claim that the commutative square 

C A ^^C 

i*fk f 



A- 



^A + B 



is in fact a pullback in Total(X). Since i and k are monic, it will suffice to show that a total map 
u : D — > C factorizes through if /« factorizes through i. But if /it factorizes through i then 
zi*/it = fu, and now /c/c*u = ii* fu = uii* fu = ufu = u. 
(Hi) We are to show that the square 



A 



^A + B 

f+g 

A' A' + B' 



is a pullback in Total(X). Since i'*(f + g) = fi* 



ii* , the result follows by part (ii). 



□ 



As we saw above, in the category of sets and relations a coproduct A + B is also a product, but 
in the case of sets and partial functions this is no longer the case. We now describe the trace which 
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remains of this product structure. In a restriction category X with restriction coproducts and a 
restriction zero, we have a functor | : X x X -> X, and natural transformations i* : A + B — > A 
and j* : A + B —> B . If there were a natural diagonal A : A — > A + A satisfying the triangle 
equations, this would exhibit A + B as the product of A and B. Although there is not such a A, we 
shall see that there are various maps which "try" to be the diagonal; we shall call them decisions. 



2.3 The calculus of matrices 

In this section we consider a restriction category X with restriction coproducts and a restriction 
zero. The main aim of this section is to establish, under further conditions still to be determined, 
a bijection between arrows / : J2\ A\ — > J2 K an d matrices (f\ K ) with the property that for 
each A the map {f\ K ) K : J2 K A\ — > A\ has a restriction inverse h\. This bijection should send / to 
(i*Ji\)\, K and (/a«)a,k to the composite 

Ea A Eak A Eak — Ek 

The universal property of the coproduct A\ reduces this to the case where A is a singleton. 
Thus we are to establish a bijection between the set of morphisms / : A — > Y1 K and the set of 
those -ftT-tuples (f K : A — > £? K ) for which (/ K ) K : ^ K A ^ A has a restriction inverse /i. For any 
/ : A — > ^ K the induced map (i%f) K '■ Ek A ^ A will clearly need to have a restriction inverse 
h. Moreover, h will have to be /. For if h is restriction inverse to (i%) K then 



but for our bijection we need (EkC/O^- = /) so that h = Vhf. But then h = Vhf = hf = h f = 
h (E K i%f)h = (E K = 7, as claimed. 

If (i%f) K does have a restriction inverse h and is /, then we write [/] for h, and call it a 
decision for / or f -decision, for reasons which will become clearer below. 

Proposition 2.11 An arrow h : A — > X] K ^ is i/ie decision of f : A — > ^ K B K if and only if 
Vh = f and the square 

A *" E K A 



f 



E K f 



Ek B k >■ Ek.k'SK" Bk 



commutes. 



We defer to the next section the proof of the proposition. Observe, however, that it helps to 
explain the name "decision". Since [/] = V[/] = /, the decision [/] is defined whenever h is, and the 
effect of [/] is "to send an element a € A to the element in the component of ^ K A corresponding 
to the component of f(a) £ ^ K 5 K ". 

Theorem 2.12 Let X be a restriction category with restriction coproducts and a restriction zero, 
in which every map f : A — > J2 K B K has a decision. Then there is a bijection between the set 
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of all maps f : Ea A\ — > E K B K and the set of those matrices (f\ K : A\ — ► B K )x ;K for which 
(f\ K ) K : Ek^a — * ^4a has a restriction inverse for every A. The bisection sends f to the matrix 
{i*Ji\)\,K- 

PROOF: Write <1? for the function computing the matrix of a map / : Ea A\ — > E K B K , and VP for 
the purported inverse, which sends (/a k )a,k to the composite 

Z^A A A >■ I^Xk A X »■ 2^\k B K »■ 2^ K tin 

where h\ is restriction inverse to (/a k )k : E K —* A\. 

Starting with / : Ea^a — > XIk^k we S e t the matrix $(/) = (i* K fi\ '■ A\ — > and then 

VP ($(/)) is the composite 

Ea A A >- Z^Ak A A »- I^Xk B * *" E K tin- 
To see that this is just /, observe that in the diagram 



Ea k ^a Ea k a' ^a' — Ea KK ' 




Ea ^A 7 >" E K -Sk 



the large upper parallelogram commutes by Proposition 12 .111 the upper triangle commutes since 
i* K i K = 1, the lower triangle by one of the triangle equations, and the large lower rectangle by 
naturality of V. Thus the entire diagram commutes and \P ($(/)) = /. 

Suppose on the other hand that we are given f\ K : A\ — > B K for each A € A and k E K, and 
that (f\ K ) K : Ek ^a — ► A\ has a restriction inverse h\ for each A G A. Then $VP sends the matrix 
(f\ K }\,K to the composite 

Aa Ea A> ^ Ea. A Eak /Ak . Ea. B k ^ B« 

which, by the naturality of and the definition of V : Ea k ^ ~~ * ^ s J us t 

Ax E K ^a^E k ^ K s K . 

Naturality of i* gives i* (E K /a«) = /A/t*«, thus we must show that f\ K i%h\ = f\ K . 

Now i* is restriction inverse to i K , and /ia is restriction inverse to (f\ K ) K , so i* K h\ is restriction 
inverse to (/a k )k*k ; which is just /ak- But restriction idempotents are their own restriction inverses, 
so i* K h\ = f\ K . Thus f\ K i* K h\ = f\ K f\ K = f\ K , and so <£<P is indeed the identity, and the bijection 
is established. □ 

We end this section by showing how to "multiply" matrices: 
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Proposition 2.13 Under the hypotheses of Theorem \2.1"A if f : Y^x ^A — ¥ ^2 K B K has ma- 
trix (/ak)a,k; and g : B K — > ^ /ias matrix (g K ^) KtfM , then the composite gf has matrix 

( ^ kQh/iIxk) X,fl J 

where V K g KfJi f\ K : A x ^ is given by 

^A A A <-> 

and /ia *s restriction inverse of (f\ K ) K '■ Ek^a - ► Ax- 
Proof: We must show that 

By the theorem fi x = EJ^/'a)^, soi^gfi x = ^EkK/u)^ = («^*«*«/*a)«'»A = (Skm/ar)*^ 
as required. □ 

2.4 Decisions 

In this section we further explore decisions in a restriction category X with restriction coproducts 
and restriction zero; the main goal is to prove Proposition 12.111 Recall that h : A — ► A is the 
decision of / : A — » i? K if it is restriction inverse to (i%f) K '■ ^2 K A —>■ A and h = f. We say that 
h : A — ^ ^2 K A is a decision if it is the decision of some map / : A — > ^2 K B K . 

Example 2.14 

(i) If K is a singleton, so that we have a single map / : A —* B, a decision for / is a map 
h : A ^ A which is restriction inverse to /: this is just / itself. 

(ii) If K is empty, so that / is the unique map A — > 0, a decision for / is a map : A — ^ which 
is restriction inverse to the unique map za '■ — > ^4: then f = h = z* A . 



(in) Let / be a coproduct injection 2 a : -^a — * Ax- Then (i%i\) K '■ Ax — » ^4a is i^, which 
has restriction inverse ^a- Thus ^a is its own decision. 

Proposition 2.15 For a map h : A — > X^/ceA" ^ ^ e /°^°™ n <? are equivalent: 
(i) h is its own decision; 
(ii) h is a decision; 

(in) h has a restriction inverse g : Y^ K A — > A and gi K : A — > A is a restriction idempotent for 
each k. 

Proof: The downward implications are trivial; we must show that given restriction idempotents 
e K : A — > A for each k G K, if (e K ) K : ^ K A — ► ^4 has a restriction inverse h then h is its own 
decision. 

Since h is restriction inverse to (e K ) K and z* is restriction inverse to i K , we see that i* K h is 
restriction inverse to {e K ) K i K ; but the latter is just e K which is its own restriction inverse. Thus 
i* K h = e K . and so i* K h = e K . But then h is restriction inverse to (i*/i) K , which is just to say that h 
is its own decision. □ 

The next result says that we can "conjugate" decisions by restriction inverses: 



11 



Corollary 2.16 If h : A — » Yin A is a decision, and f : A — » B a map with restriction inverse 
g : B — > A, then 

b ^U a ^j2 k a^Ij: k b 

is a decision and (^2 K g)hf = hf. 

Proof: Since h is a decision it is restriction inverse to {i* K h) K : Ek^ — > A. Since g is restric- 
tion inverse to /, and Ere/ is restriction inverse to Ek^' also (^2 K f)hg is restriction inverse 
to f(i%h) K (Y, K g)- Now f(i* R h) K (Y JK g)i K = f(i* K h) K i K g = fi%hg = fgi%hg = gi%hg which is a 
restriction idempotent, thus (^2 K f)hg is a decision by the Proposition. 

Finally, (£ K Wf = V (E K Wf = «W = Wf = = W = Jhf = hf. □ 

Corollary 2.17 if /j : Ea^a — > X] K Ea ^ ^ s a decision then so is k\ = (Ere^D^A for each A, 
and /i is £/ie composite 

Ea-4a Ea ** > EaE^a^EkEa^a 
where a is the canonical isomorphism. 

Proof: The fact that A;> is a decision is immediate from the previous corollary. On the other hand 

°(E\ k \)i\ = <™A*A = (J2 K i\) k \ = (Ere *a)(Ek ^)/l2A = (E««D h *A = ^a(E«»«)/**A = ^A^A = 

/ma for each A, where the penultimate step uses the previous corollary. Thus c(Ea ^a) = h as 
claimed. □ 

We are now ready to prove Proposition 12 . 1 H We shall make frequent use of the naturality of 

j*. 

PROOF of Proposition 12.111 First we simplify the condition for h : A — > J2 K A to be the 
decision of / : A — ► ^ K 6 K . This will be the case if h{i* K f) K = (i* K f) K and {i%f) K h = h. Now 
{i%f) K = V(Ere*re/) = VE k (*k/) and so the first condition becomes 

Suppo se t hat (Ere_/ )/t = (£„*«)/ and V/i = /. Then h = Vh = J. Now (Ere 7)^ = = 
KEre f)h = M£ K = hh = h, and so 

^ = ^Yj)h = jiih = ji%h = f) h = *«)/ = w = ^7 

but now 

= hi%h = i* K h = i K i* K h = i K Vi K i* K h = i K Vi* K h = i K Vhi* K h = ijii%h = i K i* K h 
giving the first condition. As for the second 

(i%f) K h = VC£^f)h = Vj>*/)/i = Vh(£i*f)h 
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and so h is the decision of /. 

Suppose conversely that h is the decision of /. Then 



E i*Jh = h(J2 i*J) h = h J2 ^f h = h< j*J)* h = hh = h 
and so V/i = V^ re z*//i = V(^ K i*/)/i = (i* K f) K h = h = f. On the other hand 

(£ m = (E fj^yOfh = J2(m)h = E(^/)>* = (E^xE m 

Kr Ki Kj Ki Ki Ki K, 

and so 



(E = (E a = (E ^)/ v E = (E *«) V E /)(E sxE f) h 

Ki Ki Ki Ki Ki Ki Ki K, 

= (E ^) V E^ (E /)* = (E j «) V GC w)* = (E *«)(E ^ = E 5)(E /)* = (E /)*■ 

□ 

We saw in Example 12.141 that a decision for f : A —> YIk^k always exists if X is empty or a 
singleton. We end this section by proving that all decisions exist provided that binary ones do. 

Proposition 2.18 A restriction category X with restriction coproducts and a restriction zero has 
all decisions provided that it has a decision for each f : A — > B + C . 

Proof: Let / : A — > X^eif ^ R ^ e §i ven > where K is a finite set of cardinality greater than 2. 
Choose A G K , and regard YIkgk B k as the coproduct of B\ and X^^a B k with injections z and 
j. By assumption, f : A ^> B\ + (Y^ K ^\ B K ) has a decision /i^ : A — > A + A Suppose by way of 
inductive hypothesis that j* f : A — > 22 K +\B K has a decision h! : A — > E K -^A We snan show 
that 

is a decision for / : A — > X^eir -B K - 
Commutativity of 



A + A ^ *A + Z^ X A 
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gives one of the conditions in Proposition 12. Ill it remains to show that V(l + h')h x 
tativity of 



f. Commu- 





reduces this to proving that f(l + j*f)h\ = f. 



To do so, first observe that (i*f + 1)(1 + j*f)h\ = (i*f + j*f)h x = (i* f\j* f)h\ = h x = f so 



t hat /(l + j*f) h x = //(!+ j*f)h x 
f(i*f + j*f)h\ = f as required. 



f(i*f + !)(!+ j*f)h x (1 + j*f)h x = f(i*f + !)(!+ j*f)h> 



□ 



Finally, we record the following result which will be needed below: 



Proposition 2.19 If f : A —> B + C and f : A' —>■ B' + C have decisions h and h' then 
(1 + r + 1)(/ + /') : A + A' -> (B + B') + (C + C) has decision (1 + r + l){h + /i'). 

Proof: Let i : B B + C, j : C -> B + C, %' : B' -> B' + C, and f : C —> B' + C be the 
various injections. Then the injection k : B + S' — > S + 5' + C + C is given by (1 + r + 1)(£ + £'). 

Similarly, write I for the injection (1 + r + l)(j + j') : C + C" -> S + B' + C + C . 

First observe that (1 + r + l)(h + h') = JTTh 1 = h+W = J+J> = JT f = (1 + r + !)(/ + f). 
Now /i is restriction inverse to (i*f\j*f) and h! is restriction inverse to (i'*f'\j'*f), thus h + h' 
is restriction inverse to (i*f\j*f) + {i'*f'\j'*f'), an< i (1 + t + + is restriction inverse to 

((^7liV> + (i^TlFT 7 )) (i + r + 1). But 



{(i*f\j*f) + (i'*f'\j'*f')) (1 + r + 1) = (V + V)(i*/ + J*/ + + + r + 1) 

= (V + V)(l + r+l)(Ff + I 7 V 7 + ^7 + j 7: 7 7 ) 



V(i*f + i>*f' + j*f + j'*f>) 



= v((» + »')*(/ + /') + 0' + + /')) 

= ((i + i')*(/ + /')IO'+j , )*(/ + /0> 
so that (1 + r + l)(/i + /i') is the decision of (1 + r + !)(/ + /') as claimed. 



□ 



3 Extensive restriction categories 
3.1 Extensivity 

In the previous section we saw that a restriction category X admits a calculus of matrices if it has 
restriction coproducts, a restriction zero, and decisions. In this section we relate this structure to 
the question of when Total(X) and Tota\(K r (X.)) are extensive. 
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Proposition 3.1 If X is a restriction category with restriction coproducts and a restriction zero, 
then Total(X) is extensive if and only if, for every total arrow f : C — > A + B, the restriction 
idempotent (1 + 0)/ splits and an f -decision exists. If X has an object 1 which is terminal in 
Total(X) ; then it suffices to consider the case A = B = 1. 

Proof: We know that Total(X) has coproducts since X has restriction coproducts, and we know 
that the coproduct injections in Total(X) are cartesian, since X has a restriction zero. Thus 
Total(X) will be extensive if and only if it has pullbacks along coproduct injections, and coproducts 
are stable. 

Suppose that (1 + 0)/ splits for every / : C — > A + B, and that an /-decision exists. Let 
k : Ca —> C and k*C -> C A prov ide the splitting fo r (1 + 0)/ . Let / : C B -*• C and 1* : C -> C B 
provide the splitting for (0 + 1)/, which exists since (0 + 1)/ = r(0 + 1)/ = (1 + 0)r/. We are to 
show that (k\l) : Ca + Cb is invertible. 

The /-decision h : C — >■ C + C is restriction inverse to (kk*\ll*), so that h(kk*\ll*) = kk* + 11* 
and (kk*\ll*)h = h = J = 1. Thus h(k\l) = k + l and so (k* + l*)h(k\l) = (k* + l*)(k + l) = 1, while 
(k\l)(k* + l*)h = (kk*\ll*)h = 1, as required. 

Suppose conversely that Total(X) is extensive. Then any map C — > A + B has the form 
f + g : A' + B' — > A + B, and now if = (/ + g)i' so that / is total, and similarly g is total. 
Also (1 + 0)(/ + g) = i*(f + g) = JiF = !/* so that %' and i'* provide a splitting for (1 + 0)(/ + g). 
Finally the identity A' + B' — > A' + £>' is easily seen to be a decision for / + g. 

If 1 is terminal in Total(i^(X)) then it suffices to show stability of the coproduct 1 + 1; see 0] 
or 0. □ 

Corollary 3.2 //X is a restriction category with restriction coproducts and a restriction zero, then 
Tota\(K r (X.)) is extensive if and only every arrow f : C — > A + B in X has a decision map. If X 
has an object 1 which is terminal in Total(if r (X)), then it suffices to consider the case A = B = 1. 

Proof: Since X has restriction coproducts, so does K r (X), and since X has a restriction zero, so 
does K r (X.). All restriction idempotents split in K r (X.), so by Proposition 13.11 Tota\(K r (X.)) will 
be extensive if and only if every total arrow / : (C, e) — > (A + B, e\ + e^) has a decision. To say 
that / is total is to say that / = e. 

A decision h for / : (C, e) — > (A + 5, ei + e2) is an arrow h : C ^> C + C in X satisfying 
(/ + /)/i = h = hf, Vh = /, and (/ + f)h = (i + j)/; that is, a decision map for / in X. □ 

In light of the proposition, we say that a restriction category X is extensive if it has restriction 
coproducts and a restriction zero, and every map / : C — > A-\- B has a decision. By the uniqueness 
of decisions and the characterization of Proposition 12.111 the existence of these decisions can be 
viewed as a combinator assigning to each / : C — > A + B a map (/) : C — > C + C satisfying the 
decision axioms: 

[D.l] V(/} = /; 

[D.2] (f + f)(f) = (i+j)f. 

Thus decision structure is equational, and so can be added freely. It would be interesting to have 
a description of the free extensive restriction category on a restriction category, or the free such on 
a mere category. 
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Of course to say that X is extensive as a restriction category is quite different to saying that 
is extensive as a mere category. In fact as an extensive restriction category has a zero object it 
cannot be an extensive category unless it is the trivial category with a single object and a single 
arrow. The connection between extensive restriction categories and extensive categories is rather 
(see Corollary that if X is an extensive restriction category then Total(i"C r (X)) is an extensive 
category. 

Example 3.3 If @ is a distributive category, then 3> + \ is an extensive restriction category, and so 
Total(i ; C r (^_|_i)) is an extensive category. We have already seen that has restriction coproducts 
and a restriction zero, thus we may apply Corollary 13.21 If / : C — > A + B + 1 is an arrow in 
from C to A + B, let h be the composite 



C 



(cj) 



Cx(A + B + l) 



CxA + CxB + C- 



C + C+l. 



Verification of the commutativity of the diagrams 

Hcx(i + B + l)^Cxi + CxB + ^b + C + l 



c 




Cx(A + B) + C' 



v+i 
C+l 



c ■ 



(cj) 



f 



A + B + l 



^ C x (A + B + l) - 

fx(A+B+l) 
(A + B + 1) x (A + B + 1) 

s- 1 

+ B + 1) x A + (A + B + 1) x B 

+ (A + B+1) TTi+TT!- 



■C x A + C x B + C 

C -C + l 
v+i 

A+B+l+A+B+1+1 

t 



i+j+i 



,A + B + A + B + 1 



is a straightforward exercise in distributive categories; here t : A + B + l + A + B + 1 + 1 — > 
A+B+A+B+l is the composite of the twist map A+B + l+A+B + 1 + 1 -> A+B+A+B + l + 1 + 1 
and A + B + A + B+l. Thus h is the required decision for /. 

3.2 Extensive maps 

As well as considering when Total(X) or Total(i^ r (X)) is extensive, we can look at subcategories 
which are extensive. To this end, we say that the map f : A — > B in X is extensive if for any 
decision h : B — > B + B there is an /i_f -decision k : A — > A + A. 



Lemma 3.4 
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(i) Restriction isomorphisms are extensive; 
(ii) Restriction idempotents are extensive; 
iiii) Decision maps are extensive; 

(iv) Coproduct injections and codiagonals are extensive. 

Proof: First we show that restriction isomorphisms are extensive. If / : A — > B has restriction 
inverse g : B — > A, and h:B—>B + Bis& decision, then {g + g)hf is a decision and V(<? + g)hf = 
(g + g)hf = hf by Corollary l2~TKl Thus 



(hf + hf)(g + g)hf = (hfg + hfg)hf = (hg + hg)hf = (h + h)(g + g)hf 

= (h + h)hf{g + g)hf = (h + h)hfhf ={h + h)hf = (i+ j)hf 

and so {g + g)hf is an /i /-decision, and / is extensive. 

Every restriction idempotent is restriction inverse to itself, and is therefore extensive. Similarly, 
decisions and coproduct injections are restriction isomorphisms and therefore extensive. As for the 
codiagonal, ii h : A — > A + A is & decision, consider the composite 

A A h+h A A A A 1+T+l . . . . 

A + A >■ A + A + A + A *- A + A + A + A. 



On the one hand we have V(l+r + l)(h + h) = (V + V)(/i + h) = h + h = h + h = V(h + h) = hV, 
and on the other, (hV + W)(l + r + l)(h + h) = (h + h)V(h + h) = (h + h)hV = (i + j) W; thus 
(1 + r + l)(h + h) is an /iV-decision. □ 

Proposition 3.5 Let X be a restriction category with restriction coproducts and a restriction zero. 
Then the extensive maps in X form a restriction subcategory Ex(X) of X which is closed under 
finite coproducts, contains the decisions; and Total(if r (Ex(X))) is extensive. Furthermore, Ex(X) 
is maximal among restriction subcategories of X with these properties. 

Proof: By Lemma 13.41 we know that Ex(X) contains the identities, the restriction idempotents, 
the coproduct injections and the codiagonals. Thus it will be a restriction subcategory provided 
that it is closed under composition, and it will be closed under finite coproducts provided that the 
extensive maps are so. By Lemma 13.41 once again, we know that Ex(X) contains the decisions; 
while the fact that Total(.fr r (Ex(X))) is extensive and the maximality of Ex(X) will follow from 
Corollary 13.21 Thus we need only show that the extensive maps are closed under composition and 
coproducts. 

If / : A — > B and g : B — > C are extensive, and h : C ^ C + C is a decision, let k : B — > B + B 
be an /ig-decision, and let I : A — > A + A be a /c/-decision. Then V/ = kf = Vkf = hgf = hgf 
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and 



(hgf + hgf)l = (hg + hg)(f + f)l 

= (hg + hg){h~g + h~g){f + f)l 
= (hg + hg)(Vk + Vk))(f + f)l 
= (hgV + hgV)(kf + kf)l 
= (hgV + hgV)(i+j)kf 
= (hg + hg)kf 
= (i + j)hgf 

so that I is also an ^/-decision. 

Finally, let / : A -> B and /' : A' -» B' be extensive, and let h : B + B' -> B + £' + B + B' be 
a decision. By Corollary 12.171 ft, can be written as (1 + t + l)(fc + A;'), where k : B ^ B + B and 
A/ : B' — > 5' + £?' are decisions. Since / and /' are extensive, and k'f have decisions, and so, 
by Proposition 15131 (1 + r + 1)0/ + k'f) has a decision; but (1 + r + + fc'/') = h(f + /'), 

and so we have proved that / + /' is extensive. □ 

Clearly Tota\(K r (X.)) is extensive if and only if Ex(X) = X; that is, if every map is extensive. 
Note, however, that the construction Ex(X) is not functorial in X. 

4 Limits in restriction categories 

We saw in Section |2J that cocartesian objects in rCat give a good notion of restriction category with 
coproducts. We now turn to products, and the first thing to observe is that cartesian objects in 
rCat are not a good notion. 

If X is a restriction category, and the unique restriction functor ! : X — ► 1 has a right adjoint 
in rCat, then X has a terminal object 1, and for each object A, the unique map tj^ : A — > 1 is total. 
But if / : A — > B is any map, then / = tsf = tgf =tj\, = l, and so / is total. Thus ! : X — > 1 can 
have a right adjoint in rCat only if the restriction structure on X is trivial. 

The situation for binary products is much the same. Suppose that A : X — > X x X has a right 
adjoint in rCat. Explicitly, this means that X has binary products as a mere category, the diagonal 
and projections are total, and / x g = f x ~g for any maps / and g. Let / : A — > B be any map, 
and let p, q : A x A — > A be the projections. Then 1^ x / = p(1a x /) = pO-a x /) = P = 1> an d 
so 1a x f ■ A x A ^ A x B is total; and now / = fqA = q(lA x /)A = qlA x /A = qA = 1, so 
/ is total. Thus once again A : X — ► X x X can have a right adjoint in rCat only if the restriction 
structure on X is trivial. 

We shall now look at other possible notions of products in restriction categories; and, more 
generally, limits. 

4.1 Cartesian objects in rCatl 

One possible approach to the unsatisfactory nature of cartesian objects in rCat is to change the 2- 
category rCat. In [7j we defined a 2-category rCatl with the same objects and arrows as rCat, namely 
the restriction categories and restriction functors, but with a larger class of 2-cells. For restriction 
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functors F, G : X — > Y, a 2-cell in rCatl from F to G consists of a total map ax '■ FX — > in Y 
for each object X of X, such that for each / : X — » Y in X, the diagram 

Ff 

FX : >■ FY 



Ff 



ay 



FX ax - GX G j,- GY 

commutes. The reason for the name rCatl is that if one thinks of a restriction category X as a 
2-category (where there is a 2-cell / < g if and only if / = gf) and restriction functors as 2-functors, 
then a 2-cell in rCatl is precisely a lax natural transformation from F to G whose components are 
total. 

We now define a restriction terminal object in a restriction category X to be an object T for 
which the corresponding restriction functor 1 — > X is right adjoint in rCatl to the unique functor 
X — > 1. In more explicit terms, this amounts to giving, for each object A of X, a total map 
tA '■ A — ► T, such that tx = It and for each arrow / : A — > B, we have tsf = 

Proposition 4.1 ^4 restriction terminal object in X is terminal in Total(X). Conversely, j/X zs 
a classified restriction category, then a terminal object in Total(X) is restriction terminal in X. 

Proof: The first statement follows immediately from the fact that Total : rCatl — * Cat is a 2- 
functor, and so preserves adjunctions; alternatively, it is equally easy to verify directly. 

The second statement is an instance of Proposition 3.7]. □ 

This proposition means in particular that there is no ambiguity in saying "T is a restriction 
terminal object", since the total maps tA '■ A — > T are unique. It also shows that restriction 
terminal objects are unique up to a unique isomorphism. 

Another point of view on restriction terminal objects may be obtained by consideration of the 
functor Rid : X op — > Set, defined in [Jjj. This sends an object A to the set of all restriction 
idempotents on A, and a morphism / : A — > B to the function sending a restriction idempotent 
e:B^Btoef:A^A. 



Proposition 4.2 A restriction terminal object is precisely a representation of the functor Rid : 
X°p -> Set. 

Proof: If T is a restriction terminal object, then any / : A — ► T determines a restriction idempo- 
tent / on A, while any restriction idempotent e : A — > A determines a map t^e : A — > T. These 
processes are inverse, since t^e = e = e, and = *r/ = It/ = /• 

On the other hand if T is an object equipped with an isomorphism a : X(— , T) = Rid then for 
each A there is a unique tA ■ A — > T with a^i^) = 1^. For any / : A — > 1? we have ctA(tBf) = 
RId(f)a B (t B ) = Rld(/)(1 B ) = / and a A (t A J) = RId(/)<u(U) = RId(/)(U) = 7; thus t B / = 
t^/, since is invertible. It remains to show that tx = It- Let e be the restriction idempotent 
0!t(1t). Then for any g : A — ► T we have ayiQ?) = o:a(1t3) = RId(<7) (cut (It)) = RId(g)(e) = e^. 
In particular ax(e) = ee = e = q;t(1t)j s ° that e = It; and now ckt^t) = It = e = «t(1t), so 
that i T = 1 T . □ 
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Next we turn to the case of a restriction category X for which the diagonal restriction functor 
A:X->XxX has a right adjoint in rCatl. We then say that X has binary restriction products. 
Explicitly, this means that there is a restriction functor X x X — > X whose value at an object 
(A, B) we denote A x B and whose value at an arrow (/, g) we denote / x g; and total maps 
A : A ^ A x A, p : A x B ^ A, and q : A x B — > B satisfying 



A Ax B 




AxB 



A 



fxg 



AxB 



A' 



fxg 



A' xB' 



AxB 



B 



A- 



B' 



A'- 



>■ A 

A 

Ax A 

fxf 

■+A' x A'. 



Once again, Total : rCatl — > Cat preserves products and adjunctions, so that Total(X) will have 
binary products whenever X-tXxX has a right adjoint in rCatl. 

It turns out that if A : X — > X x X does have a right adjoint in rCatl, then it automatically 
satisfies certain further conditions, as the following proposition shows. In particular, the diagonal 
maps A : A — > A x A are not just lax natural, but natural. 

Proposition 4.3 If X is a restriction category, and A : X — > X x X has a right adjoint in rCatl, 
then: (i) (/ X g)A = fg for all f and g with the same domain, and (ii) the maps A : A — > A x A 
are natural in A. 



Proof: (i) Since (/ x g)A = (/ x g)A = (/ x g)A, it will suffice to show that (e x e')A = ee', for 
all restriction idempotents e and e'. 

First observe that (e x e')A = pA(e x e')A = pe x e'A = p(e x e')A, and similarly (e x e')A = 
q(e x e')A. Using lax naturality of p, we have e(e x e')A = ep(e x e')A = p(e x e')A = (e x e')A, 
and using lax naturality of q, we have e'(e x e')A = (e x e')A. Thus (e x e')A = ee'(e x e')A = 
(e x e')Aee' = (e x e')Aee' = (eee' x e'ee')Aee' = {ee' x ee')Aee' = Aee' 

(ii) This follows from (i) and lax naturality of A, since (/ x /)A 
(/x/)A/7=(/x/)A/ = A/. 



ee 



ee 



{f x f)A(f x f)A = 
□ 



We say that X has restriction products if it is a cartesian object in rCatl; that is, if it has 
binary restriction products and a restriction terminal. If X and Y are restriction categories with 
restriction products, then a restriction functor F : X — > Y is said to preserve restriction products 
if it commutes with the right adjoints 1 — > X and X x X — > X in rCatl. This definition can be 
made more explicit. If T and S denote the restriction terminal objects of X and Y, then there 
is a unique total map ip : FT — ► S, and F preserves the restriction terminal object if and only if 
(p : FT — > S is invertible. Similarly, for any objects X and Y of X there is a unique total map 
ipx,Y '■ F(X x Y) — > FX x FY commuting with the projections, and F preserves binary restriction 
products if and only if each ipx,Y is invertible. We now have: 



20 



Proposition 4.4 //X is a restriction category with restriction products then Total(X) and Total (K r (X.)) 
have products; if Y is another such restriction category and F : X — > Y is a restriction functor 
which preserves restriction products then Total(-F) : Total(X) — > Total(Y) and Tota\(K r (F)) : 
Total (If,. (X)) — > Total(K r (Y)) preserve products. 



4.2 p-Categories 

Here we recall Robinson and Rosolini's notion of p-category [I^], in order to compare it to the 
various structures considered above. 

A p-category is a category X equipped with a functor x : X x X — ► X, a natural family of maps 
A : A — > A x A, and families pa,b '■ Ax B ^ A natural in A, and qA,B : Ax B —*■ B natural in B, 
required to make commutative the following diagrams: 



X 



X 



X x X 



X 




X xY x X xY ■ 



pxq 



X x Y 



X x (Y x Z) 



lxp 



lxq 



X x Y ■ 



X 



X x Z 



(X xY)x Z 



pxl 



qxl 



X x Z 



z 



Y x Z 



-^t (XxY)x(YxZ)^t(XxY)xZ 



X x(Y x Z) (X x (Y x Z)) x {X x (Y x Z)) 

fx(gxh) 

X' x (Y' x Z') i- {X' x (Y' x Z')) x (X' x (Y' x Z')) {1 -^-\x' x Y') x (Y' x Z'f+{X' x Y') x Z' 



(fxg)xh 



X x Y- 

fxg 

X' x Y' 



(XxY)x(Xx Y) 



qxp 



Y x X 

f'y-g' 



{X' x Y') x (X' x Y') 



Y' x X 1 



for all arrows /, g, and h. The last two diagrams provide a natural associativity isomorphism 
otx,Y,z ■ X x (Y x Z) — > {X xY) x Z and a natural symmetry isomorphism tx.y : X xY ^ Y x X . 
Given a map / : X — ► X', Robinson and Rosolini define dom/ : X — > X to be 



A lx f , 'p 

X X x X V X x X' — 



X 



and their Proposition 1.4 verifies that this makes X into a restriction category. As Robinson and 
Rosolini observe (in slightly different terminology), although a p-category structure on a category 
may not be unique, a p-category structure on a restriction category is. Thus it makes sense to ask 
which restriction categories are p-categories. 



Proposition 4.5 A restriction category is a p-category if and only if it has binary restriction 
products. 
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Proof: First suppose that X is a p-category. It is proved in [16, Proposition 1.4] that x : X x X — > 
X is a restriction functor, and that each instance of p, q, and A is total. The diagonal is natural 
by assumption, and the "triangle equations" linking A with p and q hold by assumption. Thus it 
remains only to check that the projections p and q are lax natural. In the case of p, lax naturality 
amounts to the equation p(f x g) = fp{f x g) for all arrows / and g. Consider first the special 
case where / is the identity. In the diagram 

X x Y — X x (Y x Yf^X x (Y x Y>) ^ X x Y 



Ixg 



X x Y' 




Ixg 



X x Y' 



X 



the left square commutes by naturality of A, the triangle by functoriality of x, the right square 
by (one-sided) naturality of p, and the curved region by one of the triangle equations. Thus the 
exterior commutes, which is to say that p(l x g) = p{\ x g). As for the general case, in the diagram 



fxg 




X x Y 



the left and top regions commute by functoriality of x , the bottom region commutes by the special 
case just considered, and the right region by the one-sided naturality of p. Commutativity of the 
exterior is the desired equation p(f x g) = fp(f x g). 

Lax naturality of q states that q(f x g) = gq(f x ~g); we leave the verification to the reader. 
Now suppose conversely that X has binary restriction products. We must show that p : X x Y — > 
X is natural in X, that q : X x Y — > Y is natural in Y, and that ax,Y,z and Tx,y are natural in 
all variables. The equations involving only instances of p, q, and A all hold because the binary 
restriction products are actual products in Total(X). 

For naturality of p, we use lax naturality of p and naturality of A to see that p{f x 1) = 
fpfpq = fp; the case of q is similar. 

9Q x /P)A = gqfp 

(9 x f)r(g x f)r 



fpfxl 



As for r, first observe that (g x /)r 
(g x f)r 



(g x f)rg x / 
The case of a is similar but more complicated. Since 



(g x f)(qx p)A 
r(f x g). 



g x /. Now 



((/ x g) x h)a 
and 



((/ x g) x h)({l xp)x qq)A = ((/ x gp) x hqq)A = f x gphqq = fpgpqhqq 



f x {g x h) = fp{g x h)q = fpg x hq = fpgphqq = fpqgpqhqq = fpgpqhqq 



we have ((/ x g) x h)a = f x (g x h), and now we deduce 

((/ x g) x h)a = ((/ x g) x h)a((f x g) x h)a = ((/ x g) x h)af x (g x h) = a(f x (g x h)). 
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□ 



If X is a p-category, Robinson and Rosolini define a one-element object to be an object T with 
a family tx '■ X — > T of maps in X for which p : J x T -> X is invertible, with inverse 

X — =-»- X x X X xT. 

Proposition 4.6 if X is a p-category, an object T of X is a one-element object if and only if it 
is a restriction terminal object; the map tx '■ X —* T in the definition of one-element object is the 
unique total map from X to T . 



PROOF: To say that 



A lx*x P 
X^+X x X +X x T — X 



is the identity is precisely to say that tx is total. The fact that the tx are lax natural and tx = It 
for a one-element object T is part of |161 Theorem 3.3]. 

Conversely, if T is a restriction terminal object, then we have a family tx '■ X — > T of total 
maps; it remains to show that 

p A lxtjr 
X x T — — >- X — X x X ^X x T 

is the identity. But this follows from the fact that restriction products in X are genuine products 
in Total(X). □ 

The relationship between p-categories with one-element object and various other structures is 
analyzed in some detail in [Ej. Translating this into our nomenclature, the restriction categories 
with restriction products are exactly the partial cartesian categories in the sense of Curien and 
Obtulowicz ^01; and or alternatively the pre- dht- symmetric categories of Hoehnke JB], and they 
are a special case of the bicategories of partial maps of Carboni ,21 . For more details on these 
correspondences, see [T6] , 



4.3 Categories with products and a restriction 

Before leaving our discussion of products in restriction categories, it is worth discussing a quite 
different type of product that sometimes exists. While restriction products are tensor products 
which are actual products in the total map category, it is also possible that a restriction category 
could have products in the ordinary sense. A well-known example of this is provided by the category 
of sets and partial maps. The restriction product of A and B is just their product A x B as sets; 
this is not the categorical product in the partial map category, which is given by A + A x B + B. 
(This is more generally true for the partial map category of any lextensive category |IJ , where 
the ^-maps are taken to be the coproduct injections.) 

Recall that the restriction idempotents associated with a particular object A in a restriction 
category X form a meet semi-lattice with e% A e2 = e\e2, and greatest element T = 1a- These 
lattices sit over each object to give the restriction fibration Section 4] d : &(X) — > X over all 
the maps: the substitutions preserve the meet but not the greatest element. When this fibration is 
restricted to the total maps one obtains a meet-semilattice fibration. 
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If a category has both a restriction structure and a terminal object 1 (and here we emphasize 
we do not assume any relation between the two structures) then we may consider the restriction 

\a '■ A —> A of the unique map \a : A — ► 1. Then for any / : A — > B we have !^ / = \j±f = \a and 
thus \a must be the least restriction idempotent in the above ordering: in terms of partial maps, 
this determines the smallest possible domain. Thus the presence of a terminal object forces each 
object A to have a least element in its lattice of restriction idempotents. Furthermore, it is clear 
that the substitution functors of the fibration mentioned above preserve these least elements. 

When a category has both a restriction structure and finite products then (e, e') is the join of 
e and e! in the lattice of restriction idempotents of an object. To see this, first observe that 

e(e, e')e = p(e, e')(e, e') = p{e, e) = e 

so that e < (e, e'), and similarly e' < (e, e'). Now if d is a restriction idempotent and e, e' < d, then 

(e, e')d = (e, e')(i = (ed, e'd) = (e, e') 

and so (e, e') < d. 

This proves that the semilattices of restriction idempotents are lattices. In fact they are dis- 
tributive lattices, since 

e A (ei V e 2 ) = (ej, e 2 )e = (ei, e 2 )e = (eie, e 2 e) = eie V e 2 e = (e A ei) V (e A e 2 ) 

and 

eA_L = Ue = Ue = U = _L. 

Proposition 4.7 7/ X is a category with a restriction structure and (finite) products then the 
fibration of restriction idempotents 

d : @(X) -» X 
is a fibred join-semilattice and the fibration 

d t : M t {X) Total(X) 

is a fibred distributive lattice. 

Proof: It remains only to check that the inverse image functors preserve the relevant structure. 
In [HJ Section 4.1] it was proved that binary meets are always preserved, while the top element is 
preserved by the total maps. Thus it will suffice to show that for an arbitrary map / : X — > Y, the 
induced functor RId(/) : Rld(Y) — > Rld(X) preserves finite joins. For the bottom element we have 

RJd(/)(! 7) = Wf = Wf = be 5 for binary joins we have: RId(/)(e V e 1 ) = RId(/)(i7e 7 )" = (e,e')f = 
(ef, e'f) = ef V e'f = RId(/) (e) V RId(/) (e'). □ 

In a split restriction category with products this means that the M-subobjects in the total 
category must already have finite joins which are preserved by pulling back. Thus products in the 
restriction category lead to colimits in the lattices of ^#-subobjects. 
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4.4 Restriction limits 



We have already discussed products and coproducts in restriction categories. Now we turn briefly 
to more general notions of limit. Once again, these will be analyzed in terms of adjunctions in 
rCatl. 

Let X be a restriction category and ^ a finite category. We shall define the restriction limit 
of a functor S : — > X to be a cone pc ■ L — ► SC over S with total components, satisfying the 
following universal property. If qc ■ M — > SC is a lax cone over S — that is, Sc.qc = qoSc.qc for 
any c : C — ► D — then there is a unique arrow / : M — > L satisfying pc*/ = gee, where e is the 
composite of the restriction idempotents gc 7 . 

It follows immediately from the definition that restriction limits are unique up to unique iso- 
morphism. Equally immediate is the fact that if S takes its values in Total(X), then a restriction 
limit of X is a genuine limit in Total(X). 

Example 4.8 The restriction limit of the empty diagram is precisely a restriction terminal object. 
The restriction limit of a diagram on the discrete category with two objects is the restriction product 
of the corresponding objects. 

The following proposition provides a new example: 

Proposition 4.9 The restriction limit of an arrow f is precisely a splitting for the idempotent f. 

Proof: A restriction limit of / amounts to a monomorphism p : P — > X for which fp is total, 
having the property that for any arrows q : Q — > X and q' : Q — > Y satisfying q' = fqq', there is a 
unique r : Q — > P satisfying pr = qe and fpr = q'e, where e = qq'. In fact qq' = qfqq' = qfqq' = 
fqq' = q', and pr = qe implies fpr = fqe = fqq' = q' = q'q' = q'e, and so the only condition on r 
is that pr = qq'. 

Taking q = lx and q' = f, we obtain a unique s : X — > P satisfying ps = f . Taking q = p and 
q' = fp, we obtain a unique t : P — > P satisfying pt = pfp = p. Since psp = fp = pfp = p, we 
deduce by uniqueness of t that sp = 1. Thus p and s provide a splitting for /. 

On the other hand, if p : P — > X and s : X — > P split /, while g and g' satisfy </ = fqq', then 
psgg' = fqq' = qfqq' = qfqq' = qq', and sqq' is unique with this property, since p is monic. Thus 
p : P — > X exhibits P as the restriction limit of /. □ 

We now, as promised, analyze these restriction limits in terms of adjunctions in rCatl. We 
continue to suppose that X is a restriction category, and now allow c € to be an arbitrary category, 
not necessarily finite. We shall define a restriction category X^ and a restriction functor A : X — > 
X c<f , and show that if ^ is finite then this A has a right adjoint if and only if X has restriction 
limits of functors with domain ^ . 

As a category, X^ consists of functors from ^ to X and lax natural transformations between 
them. More explicitly, given functors F, G : —> X, an arrow a : F — > G in X* consists of 
an arrow a a '■ FA — > CL4 in X for each object ^4 of ^ , such that atB-Ff = Gf.aAdB-Ff for 
every arrow / : A — > P in Composition is defined pointwise: (/3a)^ = A4«a- The restriction 
structure is also defined pointwise: a : F — > P has = aX The only thing to check is that a is 
an fact in arrow of the category. To do this, note that o>b-F f = Gf.aA-ctB-Ff = Gf.ctA-ctB-Ff = 
OA.Gf.aA-OiB-Ff = ~otA.otB.Ff, and now a^.Ff = Ff.a B .Ff = Ff.OA.a B .Ff = Ff.aX-OB-Ff. 



25 



The restriction functor A : X — > X sends an object X of X to the functor 'io — ► X constant at 
X, and sends an arrow / : X — ► V to the family of arrows X — > y, each of which is just /. 

Proposition 4.10 If A : X — > X^ /tas a n^/ii adjoint in rCatl, i/ten Total(X) /ias ordinary c €- 
limits. 

Proof: Applying the 2-functor Total : rCatl — > Cat to the adjunction gives an adjunction 

Total (X*y^T~Total(X) 

Total (A) 

of categories. The functor Total(A) lands in the full subcategory Total(X) g of Total(X^) consisting 
of the functors -> X landing in Total(X). It follows that A : Total(X) -> Total(X)^ has a right 
adjoint, and so that Total(X) has ^-limits. □ 

In order to compare the two approaches to restriction limits, we assume that the category ^ is 
finite: 

Proposition 4.11 Iftf is a finite category andX. a restriction category, then to give a right adjoint 
in rCatl to A : X — > X^ is precisely to give a restriction limit in X of each functor S : c € — > X. 

Proof: Let R : X. v -> X be right adjoint in rCatl to A. If 5 : ^ -> X is an object of X^ , let 
L = -R(S'), and let p : L — > 5 be the component at S of the counit. Then p is a lax cone, and its 
components pc '■ L — > SC are total. But to say that p is a lax cone is to say, for each f : C —> D, 
that = Sf.pcPD, and since is total, this means that p is in fact a cone. 

We now show that the cone p : L — > S is a restriction limit cone. If : M — > S 1 is a lax cone; 
that is, an arrow AM -> 5 in X^, then let / : M -> = L be given by R(q) : RAM -> 

composed with the unit n : M — > RAM. In the diagram 

An Ai?q 

■ARAM- 




the left square commutes by a restriction category axiom, the right rectangle by lax naturality of 
p, and the curved region by one of the triangle equations. Commutativity of the exterior amounts 
to the equation pcf = qc-Rq-n = qcf ■ 

We shall now show that / is the composite of the q~c, which we henceforth denote e. For each 
C we have / = pcf = qcf = Qcf, and so / = ef. On the other hand qc~e = e, so q.Ae = Ae, and 
Rq.RAe = R(q.Ae) = RAe; thus ef = eRq.n = eRq.n.e = eRq.RAe.n.e = e.RAe.n.e = e.nTe = e. 
This proves that / is the composite of the qc, and so that / provides the desired factorization. 

Finally we must prove that the factorization / is unique. To do this, we shall show that an 
arrow / : M — ► RS is determined by the pcf and by /; then if pcf = pcf, we also have 



26 



/ = Pcf = Pcf = f- Now in 



n RAf Rp 

M V RAM *■ RARS RS 



f 

Mf- 




+ RS 



the rectangle commutes by lax naturality of n, and the triangle by one of the triangle equations; 
commutativity of the exterior confirms that / is determined by p. Af and /, that is, by the pcf 
and by /. This completes the construction of restriction ^-limits in X. 

Suppose conversely that X has restriction *rf -limits. For each S : — > X, define R(S) to be the 
restriction limit of S, and define the component at S of the counit AR — > 1 to be the restriction 
limit cone p : AR(S) — > S. If a : S — ► T is an arrow in X^, then for each object C of ^, let 

= &CPC '■ R(S) — > TC. If / : C — > D is an arrow of ^ , in the following diagram 

R(S)-^SC^^TC 



a D .Sf.p c 



R(S) 




TD 



the left square commutes by one of the restriction category axioms, the right rectangle by lax 
naturality of a, and the curved region by naturality of p. Finally ac-Sf-Pc = ° D-PD by naturality 
of p once again, and so Tf.ac-Pc-^D-PD = &D-PD, that is, Tf.qc.qE = Qd', and so the q form a lax 
cone. We now define R(cr) '■ R(S) — > -R(T) to be the unique arrow for which R(cr) is the composite 
of the restriction idempotents ac-Pc, and the diagram 



R(S) 



R(a) 



R(a) 

R(S) 



R(T) 

PC- 



PC 



SC- 



TC 



commutes. 

The unit n : M — > RAM is defined to be the unique arrow satisfying pen = 1, for each leg 
pc '■ RAM — > M of the restriction limit cone of AM. 

We leave to the reader the various straightforward verifications: that R is a restriction functor, 
that the unit and counit are lax natural, and that the triangle equations hold. □ 

Proposition 4.12 A restriction category X has all (finite) restriction limits if and only if X is 
split as a restriction category and Total(X) has finite limits. 

Proof: We have already seen that Total(X) has ^-limits if X has restriction ^-limits; and that 
restriction idempotents split in X if X has restriction 2-limits. Thus it remains to show that if X 
is a split restriction category and Total(X) has finite limits, then X has restriction limits. 
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Let S : — > X be given. Define a new functor S' : — > X as follows. For an object C of 
^ let ec be the composite of all the restriction idempotents Sf where / : C — > D is an arrow in 
*rf with domain C. Let ic '■ S'C — > 5C and : S'C — > S'C be the splitting of ec- Given an 
arrow / : C — > D, we have eo-Sf.ec = Sf.ec, and so 5/ restricts to an arrow S'/ : S'C — > S'D 
satisfying io-S'f = Sf.ic; and this defines a functor S" : ^ — > X with a natural transformation 
i : S' — > S. Since S' lands in Total(X), we may form its limit pc '■ L — > S'C in Total(X), and now 
icPc : ^ - ► SC give a cone over S with total components; we shall show that it is a restriction 
limit cone. 

Let qc ■ M — > S'C be the components of a lax cone over S, and write g? : M — > M for the 

composite of the restriction idempotents t^J. We must show that there is a unique arrow / : M — > L 

satisfying ic-PC-f = qc-d. Let i : M' — ► M and r : M — > M' be a splitting of d. Each composite gcz 

is total, and for an arrow / : C — > D in ^ we have ^.i = Sf.qc-qjji = Sf.qc-i; thus the q^i form 

the components of a cone. For each / : C — »■ I? we have Sf.qc-i = qc-i-Sf.qc-i = qc-i-qD-i = <Zc-^ 

and so ic-rc-qc-i = 9c-*; but this means that rc-qc-i is total, and forms a cone over S". Thus by 

the universal property of the limit pc '■ L — > S'C, there is a unique total map g : M' — > L satisfying 

= fc-qc-i- Now ic-Pc-9 r = ic- r C-QC-i r = Qc-i r = Qc-d, so that gr shows the existence of an 
/• ' ... ^ 

As for the uniqueness, let / is any map satisfying ic-PC-f = Qc-d; then / = ic-PC-f = Qc-d = 
qc-d = d = d. Now fi satisfies ic-Pc-fi = Qc-di = qc-i, an d fi = fi = di = i = l; thus by the 
universal property of the limit L in Total(X), we have fi = g, and now / = // = fd = fir = gr. 

□ 

Finally we observe that under a further assumption, restriction products and splitting of re- 
striction idempotents suffice to obtain all (finite) limits in the restriction category. 

Let X be a cartesian restriction category. We say that an object X is separable if the diagonal 
A:X->Xx Y isa restriction monic; that is, if there is a map r : X x X — > X with r A = 1 and 
Ar = r. (Recall that such an r is unique if it exists, and is called the restriction retraction of A.) 

Proposition 4.13 If X is a split cartesian restriction category in which every object is separable 
then Total(X) has all finite limits. 

Proof: We already know that Total(X) has finite products; it remains to show that it has equal- 
izers. Suppose then that f,g:X^Y are given in Total(X), let h : X — > Y x Y be the induced 
map, and r : Y x Y — > Y the restriction retraction of A : Y — > Y x Y. Now consider the restriction 
idempotent rh, and let i : -E 1 — ► X and s : X — ► be its splitting. We shall show that i is the 
desired equalizer. First of all i has a retraction, so is a monomorphism, and so in turn is total. We 
must show that fi = gi, and that if j is any total map with fj = gj then j factorizes through i. 
Write p, q : Y x Y — > V for the projections. Observe first that 

= pAr = r = qAr = qr 

and now 

fi = fisi = frhi = phrhi = prhi = qrhi = qhrhi = gisi = gi. 
On the other hand, if j is total and fj = gj, then hj = Ak for a (unique total) map k, and so 

isj = rhj = jrhj = jrAk = jk = j 
and sj gives the required factorization of j through i. □ 
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5 Counital copy categories 



We have seen that there are many different ways of describing the structure which we call a 
restriction category with restriction products, but we shall actually add one more way to this list: 
the counital copy categories which we introduce below. (The slightly weaker structure of copy 
category will not be considered in this paper.) 

5.1 Restriction products revisited 

The starting point is that if X is a restriction category with restriction products, then as a category, 
X has a symmetric monoidal structure, with tensor product given by restriction product. The 
associativity isomorphism is the a appearing in the definition of p-category, while the symmetry 
is the t. The unit is the restriction terminal object, and the unit constraint X x T = X is the 
projection. In light of the coherence results for monoidal categories |15j . we shall allow ourselves 
to omit explicit mention of the associativity isomorphisms, and write as if the tensor product were 
strictly associative. 

As observed by Carboni [2j, for each object X the diagonal map A : X — > X x X is coassociative 
and cocommutative, and has a counit given by tx : X —> T. Thus every object has a canonical 
cocommutative comonoid structure in the symmetric monoidal category. Furthermore, since the 
A are natural, every morphism / : X — > Y is a morphism of cosemigroups, although it may not 
preserve the counit. It will preserve the counit if it is a total map; conversely, if / preserves the 
counit, that is, if tyf = tx, then / = tyf = tx = 1 ; and so / is total. Thus the total maps are 
precisely the counit-preserving ones. 

There are two further further conditions which necessarily hold in a restriction category with 
restriction products: the diagonal A : T — > T x T must be inverse to the unit isomorphism 
r = l: TxT—*Toi the monoidal structure, and the composite 

1x7 X x X x Y x Y X x Y x X x Y 

must beA: XxY^XxYxXxY. Together these conditions say that A : X — > X x X is 
not just a natural transformation, but a monoidal natural transformation; it can also be viewed 
as an instance of the "middle four interchange" law for bicategories. To see that these conditions 
must hold in a restriction category with restriction products, it suffices to observe that they are 
all equations in Total(X), where the tensor product is a genuine product, and that such equations 
always hold in a symmetric monoidal category for which the tensor product is the categorical 
(cartesian) product. We call a symmetric monoidal category equipped with maps A:I->IxI 
which are monoidally natural, coassociative, cocommutative, and have counits, a counital copy 
category. (In jH] we shall have cause to look at a slightly weaker structure, called a copy category, 
in which the assumption that the cosemigroups have counits is dropped.) It will turn out that 
a symmetric monoidal category can have at most one counital copy structure, and has such a 
structure if and only if it arises from a restriction category with restriction products. 

If ~y is an arbitrary symmetric monoidal category, let Copy(^ / ) be the category whose ob- 
jects are the cocommutative comonoids in "f, and whose morphisms are the homomorphisms of 
cosemigroups. Then Copy('^ / ) has a canonical symmetric monoidal structure: the tensor product 
of cocommutative comonoids (C, 5 : C — > C ® C, e : C — ► J) and (D,5 : D — > D <g) D,e : D — > I) has 
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underlying "^-object C ® D, with comultiplication and counit given by 



C®D 



(5® <5 



C ®C <g> D <g> D 



1®T®1 



C <S> D <g>C ® D 



C®D 



I®I 



r 



I. 



But now the map 8 : C ->■ C <g)C in is a map A : (C, 5, e) -> (C, <5, e) <g> (C, 8, e) in Copy^) which 
is coassociative, cocommutative, and counital by definition of the objects of Copy('^ / ), natural by 
definition of morphisms in Copy('^ / ), and monoidally natural by definition of the monoidal structure 
on Copy('^ / ). Thus Copy('^ / ) is a counital copy category. On the other hand, there is an evident 
forgetful functor U : Copy('> / ) — > ^ which strictly preserves the symmetric monoidal structure, and 
if ~y is a counital copy category, then this U is clearly an equivalence of categories. This proves: 

Proposition 5.1 The counital copy categories are precisely the symmetric monoidal categories of 
the form Copy(l^) for some symmetric monoidal "V . 

We conclude: 

Theorem 5.2 The following structures on a category X are equivalent: 
(i) restriction category with restriction products; 
(ii) p-category with a one-element object; 

(Hi) partial cartesian category in the sense of Curien and Obtulowicz; 
(iv) counital copy category; 

(v) symmetric monoidal structure with U : Copy(X) — > X an equivalence; 

(vi) symmetric monoidal structure for which there exists some equivalence X ~ Copy('^ / ). 

All the structure is determined by either the restriction category structure or the symmetric monoidal 
structure. 

5.2 Classified restriction categories and equational lifting categories 

In this brief section we revisit the analysis in [7j of classified restriction categories, in particular its 
connection with the equational lifting monads of [Q. 

Let ^ be a symmetric monoidal category, with tensor product (8>, unit /, and symmetry r. 
The associativity and unit isomorphisms will be suppressed where possible. A symmetric monoidal 
monad ^1] on ^ is a monad T = (T, 77, //) equipped with a natural transformation (fA,B '■ TA ® 
TB — > T{A <g> B) satisfying the equations 



TA (g) TB 



<PA,B 



T(A <S> B) 



A®B 



■*TA ® TB 



T 



T 




TB <g> TA 



<PB,A 



T(B <g> A) 



T(A ® B) 
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T 2 A <g> T 2 B V -^ Br r(T A « nr R f_^_ , i , 



T(TA <g> TB) T 2 (A ® B) 



Tvl <g> TB ■ 



¥>A,B 



T(A®B). 



In fact the structure on T of symmetric monoidal monad can be given either by ip, or by a 
natural family of maps ipA,B '■ A x TB — > T(A x B) satisfying equations given in |14j . One obtains 
i/ja,b from ¥>a,.b by composing with t\a x Its, and one obtains from ^>a,b as the composite 



Tvl x TB ^^T(TA x B) T(B x TA) ^£ 



r 2 



t\b x a)^^t 2 (a x b; 



MAxB 



T(yl x B). 



When the maps ip are used rather than (p, one sometimes speaks of a commutative strong monad 
rather than a symmetric monoidal monad. 

A symmetric monoidal monad T on ^ induces a symmetric monoidal structure on the Kleisli 
category ^t- If we regard the objects of as being the objects of ff, and arrows in ^ from A to 
B as being arrows in ^ from A to TB, then the product of objects A and ^4' is A ® A', while the 
product of arrows / : vl — > TB and f : A' —* TB' is the composite 



A ® A' -^i* TB 



V^r r/ 

TB' -^T(B®B'). 



The left adjoint / : — > "^y strictly preserves the symmetric monoidal structure. 

If ^ is not just symmetric monoidal, but a counital copy category, then applying I : "*f — > to 
the cocommutative comonoid structures on objects of one obtains a canonical cocommutative 
structure on each object of ^t- If the resulting copy maps A — » ^4 (8) A in ^ are natural, then 
they will certainly be monoidally natural, so that will be a counital copy category. As for the 
naturality, this amounts to commutativity of the exterior of 




Vb.b 



for every / : A — > TB in Now the quadrilateral commutes by naturality of the copy maps in 
so the exterior will commute provided that the triangular region does so. We therefore define a 
symmetric monoidal monad T on a counital copy category ^ to be a copy monad if ipB,B&- = TA 
for all objects B. 



Proposition 5.3 If T is a copy monad on a counital copy category ^ , then ^ is a counital copy 
category. 

Example 5.4 If is a distributive category, then the monad +1 on Q is a symmetric monoidal 
monad, via the maps 

(A + 1) x (B + 1) AxB + A + B + l^iU x B + 1. 
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The fact that +1 is a copy monad amounts to commutativity of the exterior of 



(A + 1) x (A + 1) 
A + l- 



A x A + A + A + 1 



AxA+\ 




AxA+1. 



A+l 1 
It follows that 3> + \ is a counital copy category, and so that Tota\(K r (£> + i)) has finite products. 

In , a symmetric monoidal monad on a category with finite products is called an equational 
lifting monad if tpA,B ■ A x TB — > T(A x 5) satisfies 



TA 



• x Tj4 

i>TA,A 



T(A x A) T(TA x A). 

V J T(r, A Xl) V ; 



We observe that this implies commutativity of 

TA 



TA 

A 

TA x TA ■ 



T{A x A) Tt r(i4 x A) 



l)>TA,A 



T^xl) T(lxr; A ) 
Tt 



T(TA x A) -^U- T(A x TA) 




T(A x A) 



which is to say that T is a copy monad. Thus every equational lifting monad is a copy monad. 

Question 5.5 Is there a copy monad on a category with finite products which is not an equational 
lifting monad? 

In [7], we defined the notion of a classifying monad on a category ff, and gave various charac- 
terizations. To give a monad T the structure of a classifying monad is to give its Kleisli category 

the structure of a restriction category for which Ft ■ — * takes its values among the total 
maps, and the components of the counit ex '■ Fj-Ut — ► 1 are restriction retractions. We now prove: 

Proposition 5.6 An equational lifting monad is a classifying monad. 

Proof: We have already seen that is a counital copy category, and so in particular a restriction 
category. The restriction of / : A — > TB is given by 

A -^i- AxTB TA x TB — T(A x B) — ^ TA. 
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By Proposition 3.15], T will be a classifying monad if and only if the restriction of rjsf ■ A — > TB 
is rjA, for each / : A — > 1? in ^; and the restriction of 1 : — > is Tr\A TA — > T 2 A The 
restriction of 775/ : A — > TS is given by 

A — — A x T£ ^— £ Tvl x T£ — ^ T(A x B) — ^ 

and 

T(p)tpA,B(VA X lTB)0-,VBf) =T(p)tp A ,B{riA * T)b)(1, f) = T (p)VAxb{1, f) = 7]ap(1, f) = VA 
as required. For the latter, the restriction of 1 : TA — > TA is 

TA x TA m?j*A x TA ^ T(TA x A) T *A 

and 

T{ P )vta,a(vta x 1)A = 2»<*/m,aA = T(p)T(r) A x l)T(A) = Tr^ 
as required. □ 

5.3 Distributive copy categories 

A counital copy category X is a restriction category with restriction products; if X also has restric- 
tion coproducts and the canonical maps 5 : A x B + A x C ^ A x (B + C) are invertible for all 
objects A, B, and C then we call X a distributive copy category. 

Proposition 5.7 For a counital copy category X with restriction coproducts, the following are 
equivalent: 

(i) X is a distributive copy category; 

(ii) Total(X) is a distributive category; 

(iii) K r (X.) is a distributive copy category; 

(iv) Total (i^ (X)) is a distributive category. 

Proof: The equivalence of (i) and (ii) is immediate from the fact that restriction products and 
restriction coproducts in X are products and coproducts in Total(X); the equivalence of (iii) and 
(iv) is a special case of this. The fact that (iii) implies (i) is trivial; it remains only to show that if 
the canonical map A x B + A x C ^ A x (B + C) is invertible for every object in X, then it is so 
for every object in K r (X). This follows easily from the fact that the objects of K r (X) are retracts 
of the objects of X. □ 

Since in a distributive category the unique map — > A x is invertible for any object A, the 
proposition implies that the same is true for a distributive copy category. 
Our main result about distributive copy categories is: 

Theorem 5.8 //X is a counital copy category with restriction coproducts, then X is an extensive 
restriction category if and only if it is a distributive copy category and has a restriction zero. 
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PROOF: If X is an extensive restriction category with restriction products then it has a restriction 
zero by definition of extensivity for restriction categories; and Tota\(K r (X.)) is extensive with finite 
products, thus distributive, so that X is a distributive copy category by the proposition. 

Suppose conversely that X is a distributive copy category with a restriction zero. We must 
show that every map / : C — > 1 + 1 has a decision. Let h be the composite 



C 



C xC 



Cxf 



Cx (1 + 1) 



c + c. 



Then Vh = p(C x f)A = p(C x /)A = pA(C x /)A = pAf = f, giving one condition for h to be 
an /-decision. The second follows from commutativity of: 



C 



C xC- 



Cxf 



AxC 



C xC—^.C xCx C - - ; 

CxA CxCxf 



— Cx (1 + 1) 

Ax(l+1) 

CxCx (1 + 1) 



Cxf 



Cx/x(l+l) 



C + C 

A+A 

■c xc + cxc 

Cxf+Cxf 



C x (1 + 1) — C x (1 + 1) x (1 + 1) — C x (1 + 1) + C x (1 + 1) 



5- 1 

C + C- 



i+j 



c + c + c + c. 



□ 



Thus we have the following examples of distributive copy categories: 

Example 5.9 (i) For a distributive category Q we saw in Example 15.41 that is a counital 
copy category and in Example 13 . 31 that it is an extensive restriction category. By the theorem, 
then, is a distributive copy category. 

(ii) If V is a symmetric monoidal category then Copy('^ / ) is a counital copy category. If Y also 
has coproducts, and the tensor product distributes over the coproducts, then Copy('^ / ) is a 
distributive copy category. 

(iii) The category CRng of commutative rings can of course be regarded as the category of com- 
mutative monoids in the monoidal category Ab of abelian groups. We can therefore regard 
CRng op as the category of cocommutative comonoids in the monoidal category Ab op . Now 
the tensor product in Ab op distributes over coproducts, and so Copy(Ab op ) is a distributive 
copy category. An object of Copy(Ab op ) is a cocommutative comonoid in Ab op ; that is, a 
commutative ring. In fact Copy(Ab op ) is just CRng° p , where CRng x is the category whose 
objects are the commutative rings and whose morphisms are the functions preserving +, x, 
and 0, but not necessarily preserving 1. Thus CRng° p is a distributive copy category. It is 
not hard to see that idempotents split in CRng° p , and that the category of total maps is just 
CRng op , and so we recover the well-known fact that CRng op is extensive. 
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5.4 The extensive completion of a distributive category 

In this section we apply the results obtained above to give a description of the extensive completion 
of a distributive category. There is a 2-category Dist of distributive categories, functors preserving 
finite products and coproducts, and natural transformations; and there is a full sub- 2-category 
Ext pr of Dist consisting of those distributive categories which are also extensive. The inclusion has 
a left biadjoint, and the value at a distributive category S of this left biadjoint is what we mean by 
the extensive completion of the distributive category S. An explicit construction of the extensive 
completion was given in here we shall give an alternative, more conceptual, description. 

Given a distributive category S we have seen that there is a monad +1 on S whose Kleisli 
category S+\ has a restriction structure. We may now split the restriction idempotents in S+\, 
and then take the total maps in this new restriction category, to give a category Total (K r (S>+i)). 
The image of the left adjoint S — > S+\ lands in Total(£^+i), and if we compose the resulting 
functor / : S -> Total(^ + i) with the map Total(J) : Total(S^i) — > Total(-ftT r (f^+i)) induced by the 
inclusion J : S> + \ —> K r (S+i), we obtain a functor N : S —* Tota\(K r (S+i)). It turns out that 
N : S — > Total(iT r (^ + i)) exhibits Tota\(K r (S+i)) as the extensive completion of S, as we shall 
see below. 

We saw in Example 13 . 31 that Total(i^ r (^+i)) is extensive, and we saw in Example 15 . 41 that it has 
finite products, and so lies in Ext pr . The inclusion J : S+i — > K r (S + i) preserves restriction products 
and restriction coproducts, and so the induced map Total(J) : Total(^ + i) — > Total(K r (^ + i)) 
preserves products and coproducts. The left adjoint S — > S+i preserves coproducts, and the 
inclusion Total(^ + i) — > S+\ preserves and reflects them, so that I : S — > Total(^+i) preserves 
coproducts. On the other hand the left adjoint S — > S + \ sends products to restriction products, 
and so / : S — > Total(£F + i) also preserves products. Thus N : S — > Tota\(K r (S+i)) preserves 
products and coproducts, and so is a morphism in Dist. 

It remains to check the universal property. To do this, we use the theory of effective completions 
of classifying monads developed in Section 5] . Recall that a restriction category X is classified 
if the inclusion Total(X) — > X has a right adjoint R for which the components ca '■ RA — > A are 
restriction retractions. The induced comonad on X is called the classifying comonad. A monad T 
on a category ^ was defined in to be a classifying monad if it is equipped with the requisite 
structure to make the Kleisli category ^j* m t° a classified restriction category whose classifying 
comonad is the comonad induced by the Kleisli adjunction. The classifying monad T is said to be 
effective if the restriction category ^ is split and the left adjoint Ft ■ ft — * exhibits ^€ as the 
category of total maps in ^t- In other words, a classifying monad is effective if it is the partial map 
classifier for a category of partial maps. Various characterizations of effective classifying monads 
were given in [3 Theorem 5.8]. 

Given a classifying monad T on a category ^ , the restriction category ^t is classified; the split 
restriction category K r (f$r) need not be classified in general, although it will be if T is an interpreted 
classifying monad in the sense of [7J Section 4]. The precise details of this definition are unimportant 
in the present context, but it is important to know that the monad +1 on a distributive category 
S is an interpreted classifying monad, as observed in jTJ Example 4.15]. For a general classifying 
monad T there is nonetheless a universal way to obtain a split classified restriction category from 
^T'- it is obtained by splitting more idempotents than just the restriction ones, and is denoted by 
-K'crC^r); see Section 3.3]. 

Since i^ cr (^r) is a split classified restriction category, the induced monad on Total(ET cr ('^r)) is 
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an effective classifying monad. It is in fact the universal way of associating an effective classifying 
monad to the classifying monad T, in a sense made precise in [7J Section 5], and so is called the 
effective completion of the classifying monad T. In the case where the monad T is interpreted - 
such as the monad +1 on a distributive category — then the effective completion may be described 
more simply as Total(X r ( < ^j')). We shall use the universal property of the effective completion to 
show that Total(if r (^.fx)) is the extensive completion of the distributive category 3>. 

Consider distributive categories *2> and equipped with the corresponding interpreted classi- 
fying monads +1. A morphism of classifying monads (in the sense of (7|) from +1) to (<#, +1) 
consists of a functor H : & — > $ equipped with a family of maps tp : H(A + 1) — ► HA + 1 natural 
in A and rendering commutative the following diagrams: 



HA IiXH{A + l) 



■•Pa 



H(A + 1 + 1) H(A + 1) + 1 HA+1+1 




HA + l 



H{A+V) 

H(A + 1) 



PA 



HA+V 

HA + l 



HA 

(HA,Hf) 

HA x H(B + 1) 



H(A,f) 



H(A x + 



^^xB + i)^ff(4 + l) 



HA x (HB + 1) 



HA x HB + HA 



<PA 

HA + l 



HA xifiB ' 5 _i 7ti- 

for all objects A and all morphisms / : A — ► B + 1. A straightforward argument shows that the 
condition involving a morphism / : A — > B + 1 holds for all such / if and only if it holds for all / 
with B = 1; that is, for all a : A — > 1 + 1. The resulting diagram is: 



HA 

(HA,Ha) 

HA x H(l + 1) 



H{A,a) 



H(A x (1 + 1)) 



- H(A + A) H(A+l) : H(A + 1) 



HAxipi 



HA x (HI + 1) 



HA x HI + HA 



HA + l 



Given morphisms (H, ip) and (K, tp) of classifying monads, a transformation from (H, p) to 
(K, ip) consists of a natural transformation a : H — > K rendering commutative 



H{A + 1) 
K(A + 1) 



'PA 



HA + l 
KA + 1 



for all A. There is now a 2-category Dist c i consisting of the distributive categories, the morphisms of 
classifying monads, and the transformations of these. It is a full sub-2-category of the 2-categories 
icMnd and cMnd defined in [Tj- The biadjunctions constructed in [7J Section 5.2] now show that 
N : £F — > Total(-K" r (^+i)) has a canonical structure of morphism of classifying monads, and exhibits 
Total(i^ r (^_|_i)) as the bireflection of @ into the full sub- 2-category of Dist c i consisting of the 
extensive categories with finite products. 

We now turn to an analysis of the notion of morphism of classifying monads. Suppose, as above, 
that and $ are distributive. 
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Lemma 5.10 If H : $> — > $ preserves finite coproducts then there is a unique ip making H into a 
morphism of classifying monads, namely HA+l : HA + HI — > HA + 1. 



Proof: If ifA '■ HA + HI — > HA + 1 makes H into such a morphism then it must have the form 
((xa\/3a) where a a '■ HA — ► ifA + 1 and Pa '■ HI — >• ifA + 1 are both natural in A. Compatibility 
of ctyi with the first injection gives a a = in A, while naturality of 0a gives commutativity of 




HA + l. 

But iiO is initial, so (3q : HI — > ifO + 1 is the unique map, and ^ must be iiA+! as claimed. 

Conversely, we must show that <^ = HA+l does satisfy the various conditions. It is clearly 
natural and satisfies the compatibility conditions with %a ■ A — > A + l and A + V : A + l + 1 — ► A+l, 
so we need only show compatibility with maps o : A — > 1 + 1. Commutativity of 

HAx Hl + HAx HI >■ HA x (in + Hl) H -^t HA x if (1 + 1) 



7T1+7T1 

HA + HA- 



H(A + A) 



H<5 



(if7ri,i?7T2> 

if(Ax (1 + 1)), 



wherein denotes the canonical isomorphisms expressing the fact that H preserves coproducts, 
gives commutativity of 



HAx (pi. 



HA x (if 1 + 1) 



HAx(Hl+\) 



- HAx H1 + HA 

1+7T1 



FA x if (1 + i)^t HA x (#i + H \) 



{HA, Ha) 



{Hin,HiT2) 



HA 



H(A,a) 



if (Ax (1 + 1)) 



■ if (A + A) 




#(A+!) 



if(A + l) 



^HA + H1 



□ 



Corollary 5.11 If H,K : & — ► preserve finite coproducts, then any natural transformation 
a : H —> K is a transformation of classifying monads. 

On the other hand, the coproduct-preserving functors are not the only morphisms of classifying 
monads: 

Example 5.12 If X is any object of $ , then the constant functor AX : Ql — > $ at X becomes a 
morphism of classifying monads if we define ifA '■ if (A+l) — > if A + l to be the injection X — > X + l 
for any A. 
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We may now prove 

Theorem 5.13 The functor N : — ► Total (K r (@+i)) exhibits Total(K r (£^ + i)) as the extensive 
completion of the distributive category St. 

Proof: We know from [7j that composition with iV induces, for any extensive category $ with 
products, an equivalence between the category of morphisms of classifying monads from ^ to $ and 
the category of morphisms of classifying monads from Total (K r (@+x)) to S '. It remains to prove that 
if G : & — ► $ preserves finite products and coproducts, and (H,ip) : Total(K r (^ + i)) — »■ $ is the in- 
duced morphism of classifying monads, then H preserves finite products and coproducts. But since 
H may be constructed as the composite of Total(K r (G + i)) : Total (if,, (f^+i)) — > Total(i^ r (<f + i)) 
and the canonical equivalence Total (K r (<^_|_i)) — » S , it will suffice to prove that Total(i^ r (G + i)) 
preserves finite products and coproducts. Since G preserves coproducts, G + \ preserves restric- 
tion coproducts, and so Total (K r (G+i)) preserves coproducts by Proposition 12.21 Similarly G + \ 
preserves restriction products and so Total(iT r (G + i)) preserves products by Proposition 14.41 □ 

References 

[1] A. Bucalo, C. Fiihrmann, and A. Simpson Equational lifting monads, Theoretical Computer 
Science, to appear. 

[2] A. Carboni, Bicategories of partial maps, Cah. de Top. Geom. Diff., 28:111-126, 1987. 

[3] A. Carboni, Matrices, relations, and group representations J. Algebra 136:497-529, 1991. 

[4] A. Carboni, Stephen Lack, and R.F.C. Walters, Introduction to extensive and distributive 
categories, J. Pure Appl. Algebra 84:145-158, 1993. 

[5] J.R.B. Cockett, Introduction to distributive categories, Math. Structures Comput. Sci. 3:277- 
307, 1993. 

[6] J.R.B. Cockett and Stephen Lack, Restriction categories I: Categories of partial maps, Theo- 
retical Computer Science, 270:223-259, 2002. 

[7] J.R.B. Cockett and Stephen Lack, Restriction categories II: Partial map classification, Theo- 
retical Computer Science, 294:61-102, 2003. 

[8] J.R.B. Cockett and Stephen Lack, Restriction categories IV: Enriched restriction categories, 
in preparation. 

[9] J.R.B. Cockett and Stephen Lack, The extensive completion of a distributive category, Theory 
Appl. Categ. 8:541-554, 2001. 

[10] P.-L. Curien and A. Obtulowicz, Partiality, Cartesian closedness, and toposes, Inform, and 
Comput. 80:50-95, 1989. 

[11] R.A. Di Paola and A. Heller, Dominical categories: recursion theory without elements, J. Sym- 
bolic Logic, 52:595-635, 1987. 



38 



[12] Peter J. Freyd and Andre Scedrov, Categories, allegories North-Holland Mathematical Library, 
39, North-Holland Publishing Co., Amsterdam, 1990. 

[13] H.-J. Hoehnke, On partial algebras, Colloq. Math. Soc. Jdnos Bolyai 29:373-412, 1977. 

[14] A. Kock, Strong functors and monoidal monads, Arch. Math., 23:113-120, 1972. 

[15] Saunders Mac Lane, Categories for the Working Mathematician, Springer- Verlag, New York- 
Heidelberg-Berlin, 1971. 

[16] E.P. Robinson and G. Rosolini, Categories of partial maps, Information and computation 
79:94-130, 1988. 



39 



